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Supplementary Figure 1: Microfluidic tube geometry. A bright field image of the observation window; the tube
geometry is based on a planar concatenation of co-centric pairs of half circles; the observation window encloses two
out of 33 in total; the arrows, and the yellow broken line indicate the tube walls and their dimensions, specified in
microns; the tube has a rectangular cross-section of 140 µm depth (perpendicular to the image plane).
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Supplementary Figure 2: Spatial Eulerian statistics of the velocity field: mean value and standard-
deviation over time. The transformation from the Lagrangian frame of reference to the Eulerian picture was
achieved by subdividing the inner volume of the channel to a grid of 3 µm× 3 µm× 3 µm units; data points along
tracer trajectories were assigned to an Eulerian coordinate whenever they passed in the corresponding grid unit. The
mean and standard-deviation of the velocity components for each unit sample were calculated. Here we present a
selection of cross-sections along the channel, where the out-of-plane velocity component statistic is encoded in the
colourmap; the standard-deviation of the in-plane components are represented by line lengths. (a) & (b) show the
velocity field at mid-channel depth, mean and standard-deviation correspondingly; for the sake of visualisation, the
in-plane components are shown every eighth grid unit. The presence of an out of plane mean flow indicates an
appreciable deviation from laminar Poiseuille-like flow; the cross-sections in what follows, corresponding to the two
black dashed lines in (a), further reveal the non-Poiseuille nature of the mean flow.
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Supplementary Figure 2: Spatial Eulerian statistics of the velocity field (continued). (c) & (e) present the
velocity field on a radial-vertical cross-section of the curvilinear channel, along the upstream dashed line in Supple-
mentary Figure 2a, mean and standard-deviation correspondingly; (d) & (f) show the corresponding data for the
downstream cross-section; the white dashed lines in c & d denotes the mid-channel depth, across which Supplemen-
tary Figure 2a & b is taken, as well as the stream-wise component profiles to follow. Both radial-vertical cross-section
fields reveal two main helical flows (circulating arrows; plotted every second grid unit to ease visualisation) centred
near the inner wall, and a stream-wise component (colourmap) peak located mid-way between them and shifted
radially towards the external wall; here inner and external refer to centres of the half circles which form the tube,
as shown in Supplementary Figure 1. The fluctuation intensities, as measured by the standard-deviation fields, show
higher values above and below the mid-depth line, reaching values comparable to the mean velocity itself in extended
regions. The non-zero radial and vertical components themselves are in strong contrast to what is expected had it
been a laminar Poiseuille-like flow, where these should vanish altogether.
Afik, E. & Steinbreg, V. Nat. Commun. (2017) SI–iii
(0, 3] (30, 33] (60, 63] (90, 93] (120, 123] (150, 153] (180, 183]
[µm]
0
50
100
150
200
250
[µ
m
s
−
1
]
g
(219, 222] (249, 252] (279, 282] (309, 312] (339, 342] (369, 372] (399, 402]
[µm]
0
50
100
150
200
250
[µ
m
s
−
1
]
h
Supplementary Figure 2: Spatial Eulerian statistics of the velocity field (continued). (g) & (h) show the
stream-wise velocity component profile as function of the radial direction, along the mid-depth cuts, denoted by dashed
white lines in Supplementary Figure 2c & d, correspondingly. As expected from developed elastic turbulence under
similar geometry, these show high resemblence to the profile presented in [1, Fig. 10]; as can be seen, time-averaged
longitudinal velocity exhibit a non-Poiseuille-like characteristic of an approximately linear profile over a significant
fraction of the channel width, attributed to the efficient diffusion of momentum due to the mixing properties of
elastic turbulence. These stand in sharp contrast with those found under the same conditions, only when polymers
are absent, resulting in a laminar Poiseuille-like profile; see [1, Fig. 2], where the laminar profile persisted even at
values of the Reynolds number which were three orders of magnitude larger compared with the one in this study.
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Supplementary Figure 3: The coefficient of the cubic term in Equation 2, 〈u˙ ·u〉R0,t0 . The averages are taken
at t0, when the pairs separation distance is closest to R0, as function of R0, for 〈u˙ · u〉R0,t0 . It is also an estimator
for the time derivative of 〈 1
2
u2〉R0,t0 . The error bars indicate the margin of error based on the 95% confidence.
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Supplementary Figure 4: Transition time from the ballistic regime.
δt∗R0 =
∣∣∣〈u2〉R0,t0
/
〈u˙ · u〉R0,t0
∣∣∣ is plotted as function of the initial separation distance R0. Deviations of the relative
dispersions 〈‖R−R0‖
2〉R0 from the δt
2 scaling are generically expected to be significant for δt & 0.1 δt∗.
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Supplementary Figure 5: Pair dispersion. The plot shows the average squared pair separation distance, 〈R2〉R0 for
various R0 between 6 and 50 µm; the insets show a zoom-in on the initial and intermediate time intervals. This is
the same data plotted in the main text Figure 2, only here not normalised by R0.
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Supplementary Figure 6: Sample sizes. The number of pairs in the datasets presented in this work plotted against
δt for the various initial separation distances R0. These sample sizes result from several filters on the observed pairs:
each single trajectory is required to span more than 140 µm; every R(t) trajectory is let to contribute to an R0 bin
at most once, at the point where it is nearest to the centre of the bin, this moment is denoted t0 for the pair in this
bin; the pair trajectory is required to contain at least 15 measurement points before and after t0. Averages of sample
sizes smaller than 100 were excluded.
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Supplementary Note 1: Exponential pair dispersion – theoretical prediction
The study of particle dispersion in flows is at the basis of the understanding of transport processes
[2, 3, 4]. In the early 1950s, G. K. Batchelor predicted that the mean length of material lines in
turbulent flows would grow exponentially in the course of time, in the long time limit; this stems
from the notion that the line elements it consists of can be considered short enough such that
the distance between the ends of an element remain within the dissipative scale throughout the
motion [5, 6]. In some recent works the terms ‘material line’ and ‘material line element’ are used
interchangeably to indicate the separation vector between two passive particles in the fluid [7, 8, 4].
And indeed Batchelor’s prediction has been later reformulated for tracer particles in the form of
exponential pair separation; see [4, §2] for example. To illustrate how this comes about, let us
consider a pair of passive tracers separated by the vector R, and whose relative velocity is u. The
evolution of the squared separation distance R2 follows
1
2
d
dt
R
2 = u ·R = ulR , (1)
where ul is the separation velocity, defined by the above relation. The analysis then proceeds by
assuming a linear flow approximation — the pair separation is considered to be small enough such
that the velocity of one tracer is linearly related to that of the other. Using this approximation
Supplementary Equation 1 reduces to
1
2
d
dt
R
2 = ξ˜R2 , (2)
where ξ˜ no longer depends on R. For the case of chaotic flows, ξ˜ can be modelled as a random
variable, and analyses often focus on the expectation value of such equations [6, 2, 4]. Additionally
assuming the correlation time of ξ˜ to be very short compared to the observation time [2, 4], a
generalisation of the central limit theorem – the multiplicative ergodic theorem of Oseledec [2, 9] –
is applied, resulting in the exponential pair dispersion
〈R(t)2〉 = R2(t0) exp {2ξ (t− t0)} . (3)
This is a relation for the time evolution of the second moment of pair separation distances. In this
form one can identify 2ξ with the generalised Lyapunov exponent of the second order, which is
generically not trivially related to the ordinary (maximal) Lyapunov exponent; see [10, §3.2.1], [9,
§5.3], [2] and others.
Much of the theoretical and numerical literature discussing pair dispersion in the dissipative
sub-range is devoted to the evaluation of ξ in terms of the typical time-scale of the flow τ , that is
ξ = γ
/
τ ; see [5, Eq. 2.9]. The value of γ is still under debate as can be learnt from [6, §24.5] as
well as [4] and references therein.
Supplementary Note 2: Smoothness of elastic turbulence – experimental evi-
dence
As we recall in the main text, the common theoretical framework employed to analyse elastic
turbulence relies on the assumption that the flow is smooth in space [11, 12, 13]. In this work we
have demonstrated that the linear velocity field approximation does not hold at scales beyond a
rather small fraction of the apparatus — less than 10% of the tube linear width in our case; see
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Figure 3. This may seem at odds with previous experimental reports [14, 15, 1]. Yet, we find no
contradiction.
Based on the velocity power spectrum presented in [15, Fig. 23], Burghelea et al. reported a
power-law decaying faster than −3, in support of the notion of a spatially smooth flow. However
the lower cut-off for that scaling corresponds to scales smaller than a third of the smallest spatial
scale of the apparatus, limiting the extent of the implications.
The results presented in [1, Fig. 28–29 & 33–34] are as restrictive as ours. There the scaling of
structure functions changes before 10% of the apparatus size is reached.
One consequence of our findings is that the Lyapunov exponents picture [14, 16, 12] is not
the appropriate one to describe the dynamics of wall-bounded elastic turbulence at scales much
larger than few percent of the vessel size. Indeed, Burghelea et al. [14] performed a Finite Time
Lyapunov Exponent analysis on numerically integrated particles (similarly to Jullien [17]), only
one has to recognise that their results do not demonstrate that in their experiment pairs diverged
exponentially in time.
This raises questions regarding the mechanism for polymer stretching once their end-to-end
distance goes beyond, as in our case. In fact, Smith et al. [18] have shown that a steady shear flow
is sufficient to stretch polymers to about 40% of their full length.
Supplementary Note 3: Exponential pair dispersion – experimental evidence
Literature review
At the time of writing, the exponential pair dispersion, briefly presented in Supplementary Note 1,
is regarded as the leading paradigm for chaotic flows which are spatially smooth, as manifested by
the analysis of recent experimental results and the discussions which follow.
Jullien [17] studied an instance of the Batchelor regime flow in two-dimensional turbulence,
where the velocity field was inferred experimentally followed by numerical integration of tracers
simulated on a computer; the initial pair separation values were set to distances smaller than the
measurements grid. An exponential separation, referred to in that context as Lin’s law [19], was
reported during an intermediate time interval of between one to twice the value of the estimated
flow typical time scale τ , after which a power-law scaling has been observed.
Salazar and Collins [4] estimated γ (= ξτ) from measurements of 〈ξ˜〉 in three-dimensional
turbulence reported by Guala et al. [8]; this estimate should be taken with a grain of salt not only
because it is unclear whether these measurements were indeed restricted to the dissipative scales
but also as, although related, the quantities 〈ξ˜〉 and ξ are not the same [6].
Even more recently, Ni and Xia [20] reported measurements in three-dimensional turbulent
thermal convection and inferred γ from exponential fits to the mean squared pair separation dis-
tance; as presented in [20, Fig. 1], the fits are taken at time intervals of up to one Kolmogorov
time-scale, a time too short with respect to the underlying assumptions, and thereafter the data
grows faster than the evaluated exponentials. Additionally, as we mention in the main text, for
an asymptotic exponential pair dispersion to be demonstrated, the various curves should all have
the same exponential rate and differ only by the initial separation; such a result has not been
empirically demonstrated.
We therefore find it safe to conclude that the literature on the subject is lacking conclusive
experimental evidence.
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Discussion in the light of this study
Studying pair separation in the dissipative sub-range over long times in intense turbulence poses
a technological challenge. The high velocities, typical of high Reynolds number flows, restrict the
length of the obtained trajectories as exemplified by the above mentioned reports [17, 7, 20] and
other recent works [21]. This is one of the reasons for which the experimental literature on pair
dispersion in smooth chaotic flows is lagging behind the theoretical one.
Recall that the exponential growth in Supplementary Equation 3 relies on two underlying as-
sumptions [5, 2, 4]: (i) the velocity field admits a linear approximation in space throughout the
observation time; and (ii) the observation time is much longer than the correlation time of the
velocity gradients. These requirements are quite stringent and are clearly not fulfilled by our ex-
periment. To the best of our knowledge these assumptions have not been met experimentally for
tracer particles so far, and yet the exponential growth prediction seems to be the leading paradigm
in interpreting experimental results [17, 4, 20]. Our estimations for the experimental system pre-
sented here indicate these may be possibly relevant for R0 . 0.1 µm and δt & 10 s. Examining
the experimental parameters reported in recent works [3, 22, 21] we find that the trade-off between
short correlation times and a large enough dissipation scale renders them difficult to reach in intense
inertial turbulence.
Following the above discussion one may reach the conclusion that the Batchelor prediction [5]
is irrelevant. By all means, this is not the case! Going back to Batchelor’s own words:
“In that paper no consideration was given to the particular case of two particles which
are so close together – or of clouds whose linear dimensions are so small – that the value
of the spatial derivative of the velocity is the same at the (simultaneous) positions of
the particles, for the reason that such a condition is unlikely to be realized with practical
methods of marking and observing particular fluid particles.
. . .
Difficulties of observation of marked particles which are very close together do not
worry us in the present connexion, since we are concerned here with the changes in the
total length of a material line, which is made up of the changes in a large number of
infinitesimal line elements, unlike the changes in the shortest distance between two fluid
particles.”
— see G. K. Batchelor, Proc. R. Soc. A 1952 [5]
We find that Batchelor himself appreciated how challenging would his assumptions be when it comes
to finite size particles. At the same time, it is important to note that his prediction addresses the
evolution of the total length of a material line, where each sub-segment could always be taken
infinitesimally small, unlike the case of the shortest distance between pairs of tracers starting with
a finite initial separation.
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